Upper and lower bounds are given for the number of ergodic absolutely continuous invariant measures for a general random map. They are based on a communication graph describing the interaction of deterministic transformations used to define the random one. In particular, the case of piecewise expanding transformations is discussed.
Introduction
A random transformation R induced by two deterministic transformations Ti and T2 is a Markov process that with given probabilities applies either ti or T2 (see §2 for precise definitions). 7? can be a mathematical model of a process whose behaviour depends on a randomly changing environment.
The general problem we partially consider in this paper is the examination of the properties of absolutely continuous invariant measures (a.c.i.m.) for R, given information about deterministic transformations used to define 7?.
Our results can be most successfully applied in the case of a random transformation induced by piecewise expanding transformation. The literature concerning those transformations is very vast, e.g., our references [1] [2] [3] [4] [5] [6] [7] [8] . In particular, there are precise estimates of the number of absolutely continuous invariant measures for such transformations [6, 4, 1] . For random transformations there are only partial results available. In [8] the case when one of the deterministic transformations has a unique a.c.i.m. is studied, and in [1] the estimates are given in the case of a random transformation induced by piecewise linear Markov expanding transformations with a common defining partition.
In our paper we consider random maps in the general situation. Our main result, Theorem 1, generalizes results of [8, 1] . Theorem 3 is an application of Theorems 1 and 2 to the case of piecewise expanding transformations.
We present a number of examples. In particular, Example 4 shows that R can have a.c.i.m. even if neither of x\ , xi has one. Example 5 presents an opposite phenomenon, both xx and t2 have a.c.i.m., but R does not have any.
Definitions and notation
Let (A, m) be a measurable space with a probability measure m . Let t : A -» A be a measurable nonsingular transformation,
x*m <€. m . A measure p is T-invariant if piA) = pix-liA)), for any measurable set A. We will restrict our attention to invariant measures that are absolutely continuous with respect to m , a.c.i.m.
Let pi, ... , pk be ergodic a.c.i.m. for x. Let A¡ = supp(ßi), i =\, ... , k, be disjoint measurable sets such that /¿/(A,-) -1 and PiiAj) = 0 , for i ^ j.
Let oc
Wí=\Jt-J{A,), j=0 for i = \, ... , k . %i is called a basin of attraction of measure p¡. Let x\, X2 be two transformations as above , with a.c.i.m. p\, ... , pk,X) and p\, ... , p\,2, respectively. Sets A\, fz",1, i = 1, ... , Ä:( 1 ), and A2, %S2 , i = 1, ... , A:(2), are defined as above.
We define the random transformation R = 7?(tj ,xi,a,ß) as a Markov process with transition function Pix,A) = aXAiMx)) + ßXA(t2ix)), for a, ß > 0, a + ß = 1. Intuitively it sends a point x to Ti(x) with probability a and to X2ÍX) with probability ß .
We are interested in a number of ergodic absolutely continuous measures invariant for 7?. It is easy to see that p is 7?-invariant iff (*) piA) = apix-\A)) + ßpix-xiA)), for any measurable set A . The estimates we will prove depend on the following transition graph Gr :
its vertices are sets í¿}, i = 1, ... , fc(l), and f¿f\i'= 1, ... , fc(2), and we draw an arrow from %? to í¿j iff mi%jr\Ä\) >0, for t ^ s, s, t £ {1, 2}, 1 < /', j < max(/c( 1 ), fc(2)). We also assume there is an arrow from any vertex to itself. We define an ergodic component of Gr as a family {flg¡, ... , ^J} such that for any sets f/qs and f/¿ in this family, there exists a path of arrows in Gr leading from ?/* to %í¿ and there are no arrows going from sets of the family to the sets outside the family.
We define a basin of an ergodic component of Gr as a family of all sets ?/* such that there exists a path of arrows in Gr leading from ftf* to a set in this ergodic component.
We will denote the number of ergodic components of Gr by MÍGr) . By W\, ... , W"m(gr) we denote unions of sets in basins of ergodic components of Gr . If {f/q¡, ..., &£*} is an ergodic component of GR such that W¡ is the union of sets in its basin , we define k for i = 1, ..., MiGR). i=i u '3 ■ In Example 1, MiGR) = 2,W{=?/2, anàW2 = We will also use another graph gg . Its vertices are sets W\, We connect sets Wi and Wj by a line iff miWinWj)>0.
We will denote the number of connected components of gR by migR) . Since most of our examples are piecewise expanding transformations of an interval, we review here some basic definitions and results regarding these maps.
] is called piecewise monotonie if there exist a = ao < a\ < ■■■ < un = b such that x^a¡._1>a/) is monotonie, i = 1, ... , N. If, moreover, inf(|T'(x)|) > 1 on these intervals , / -1, ... , N, then x is called a piecewise expanding map. It is known that a piecewise expanding map x, under some additional assumptions on continuity of ri/ » [2, 3, 5, 7] , has invariant measures absolutely continuous with respect to Lebesgue measure and that the union of basins of attraction of these measures is the whole interval [a, b]. The same facts are true for random maps induced by two piecewise expanding maps [8] ,
The main tool in exploring properties of piecewise monotonie maps is the 
Main results
The main result of this note is Theorem 1, which gives an upper bound for the number of ergodic a.c.i.m. for a random map. It generalizes Theorem 3 of[l]. Theorem 1. If U/l^"' W¡ = X im-a.e.) , then the number of ergodic absolutely continuous R-invariant measures is at most MÍGr) , the number of ergodic components of Gr .
Let p be an 7?-invariant absolutely continuous measure. Equality (*) implies that if piB) > 0 then pixnxiB)) > 0 and pix^iB)) > 0 for any measurable set B and any positive integer n . We will use this repeatedly to prove the following facts. Proof. We can assume there is a direct arrow from ?/q to ^ , as in the general case we would repeat our reasoning inductively. By Lemma 1 we have Asq c supp(/¿) . By definition of Gr , we have mi%(¿r\Aq) > 0 , so pi%S¿) > 0. Again by Lemma 1 we get Azw c supp(//). o
Proof of Theorem 1. Let p\ and p2 be two mutually singular a.c.i.m. for 7? such that piiWi) > 0 and p2iW) > 0 , for some 1 < i < MiGR) . Then we have nii%¡) > 0 and fi2(ty) > 0 , for some 2£ ,&¿c*V¡ . In particular, if one of x\, x2 has the unique a.c.i.m. , then R has the unique ax.i.m. Theorem 1 gives an upper bound for the number of 7?-ergodic a.c.i.m. Example 2 shows that the actual number of these measures can be smaller than MiGR). In Example 4 we produce an a.c.i.m. "out of nothing," showing the importance of assumption U/lcf"' ^ = * , ( w-a.e.) in Theorem 1. Example 4. Let Ti(x) = jc/2 , t2(x) = 1/2 + x/2 , 0 < x < 1 (see Figure 6 ).
Neither transformation Ti, t2 has an a.c.i.m. with respect to Lebesgue measure. On the other hand, it is easy to check that the random transformation 7? = 7?(ti , t2, 1/2, 1/2) leaves Lebesgue measure invariant. pi[0, 1]) = 2 5>"m(7") =2^(2" -l)«i^+r = +». «=i «=i /i is an infinite ( cr-finite) measure with singularities of density at 0 and 1 . This proves that 7? does not have any finite a.c.i.m. D
In the case of one-or higher-dimensional piecewise expanding transformations, Theorems 1 and 2 imply the following Theorem 3. If x\ and x2 are piecewise expanding transformations satisfying some assumptions implying the existence of a.c.i.m. with respect to Lebesgue measure ie.g., piecewise Cl+e), then the number of ergodic a.c.i.m. for R = 7?(ti , t2, a, ß) is between migR) and MÍGr) .
In particular, it is not greater than the number of ergodic a.c.im. for any of Ti and x2. D
The results of this note can be easily generalized to the case of random transformation induced by more than two transformations.
